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Chapter 9: Requirements for Obtaining 
Population Inversions 

• Inversion of two level systems 

• Radiative vs. collisional decay rates 

• Steady-state inversions in 3 and 4 level 
systems 

• Transient population inversions 

• Processes that inhibit or destroy 
inversions 

Cambridge University Press, 2004 
ISBN-13: 9780521541053 

All figures presented from this point on were taken directly from (unless otherwise cited): 
W.T. Silfvast, laser Fundamentals 2nd ed., Cambridge University Press, 2004.  

Chapter 9 Homework: 1 (bonus), 6,8,10, 12 



Simplistic Model of a 2 Level System 

• Consider a two level system 

• Let atoms in the cell be at room temperature 
so that nearly all of the electrons are in the 
lower level (ground state) 

• This requirements stipulates that thermal 
population to the upper state is prohibited 
and thus the upper state can only be 
obtained through a pumping flux 

 

• Furthermore by defining a two state system, 
the degeneracy ratio of upper to lower state 
transitions must be 1 

• Thus we can stipulate that prior to pumping 
the system behaves as 



• When applying a pumping flux, one drives a few electrons excited to the upper level that 
decay back to the lower level at rate, γul 

• The number of atoms in the upper state can then be equated by 

 

 

 

• Allowing one to rewrite the gain equations as 

 

• We can easily note here that as the population of Nu increases, that the ratio of lower states 
to the total number of states decreases 

• When it reaches a value of 0.5, no more energy will be absorbed because the exponent will 
go to zero 

• This rather simplistic approach provides a key bit of information for one to consider.   If the 
number of upper states is equal to the number of lower states, then no further absorption 
can occur, b/c Nu can never exceed Nl.   

• While radiative decay will always reduce the population of Nu, it can never exceed the value 
of Nl and thus there can be no population inversion 

• We therefore conclude that it is impossible a laser from a simple two level system 

Simplistic Model of a 2 Level System 



• Before we move on to more complex systems 
that do allow population inversions, let us 
review two basic decay processes 

• From Chapter 4, we learned that radiative 
decay from and upper to a lower state is 
proportional to νul

2 

 

 

• We intend to show later in this chapter that 
collisional (vibrational) decays respond as: 

 

 

 

 

 

• Thus we present the following relation decay 
rates in terms of energy and time.  This 
relation provides a guide for analyzing for 
multistate population inversions 

Radiative vs. Collisional Decay Rates 



Energy Level Arrangements for 
Pumping 3 and 4 level Systems 

• Let us now consider a three of four level system 

• These systems often allow steady state  population inversion by pumping 

 

 

 

• This is obtained a steady pumping flux that generates a single exited state that does 
not change with time 

• However either a collisional or radiative decay to an intermediate state followed by 
subsequent decays until the ground state is reached does allow decays in and out of 
different energy levels.  The multiple different decay states lead to population 
inversion between of the radiative transition. 

 



Energy Level Arrangements for 
Pumping 3 and 4 level Systems 



Three-Level Laser with intermediate 
level as the Upper Laser Level 

• Examples:  Ruby laser,  traditional solid 
state lasers 

• For this system, we include three levels,  
i, u, and l 

• Populations are Ni, Nu, and Nl 

• Energies are Ei>Eu>El 

 

• Assume the laser transition (radiative 
decay) occurs from u  l written as γul 

• Also assume that the gain medium is in 
thermal equilibrium before pumping  
from l I 

• The pumping rate is  Γli 

• The decay rate from iu  is γiu 

• The fast radiative decay of the laser 
suggest a large energy gap between u 
and l 

 

 

 



Three-Level Laser with intermediate 
level as the Upper Laser Level 

• The fast radiative decay of the laser suggest a large energy gap between u and l 

• This statement coupled with the requirement of thermal equilibrium prior to pumping will 
allow us to require an additional condition on the laser system 

• We will assume that no thermalizing excitation from the ground state to either u or the I 
state is allowed since u and I are sufficiently large that such processes would have a small 
probability of occurring 

• One can use a detailed balance of the available states to show this is indeed the case 

 

• Let  

 

 

 

 

 

 

 

• Which at room temperature indicates that γlu is very small for any value of u associated 
with visible or near infrared radiative decay.  The same argument holds for γli  

 

Assume again that 



• Let us now investigate the rate equations for each of the populations densities at steady state 

 

 

 

 

 

 

 

• Here we have neglected the lower to upper transition rates b/c we have already shown that 
thermal excitations of these levels is statistically low. 

• We have also assume that there is not significant external pumping process from l  u as we 
these types of lasers are driven by l i pumping 

• Using the total number of states:  

• We can solve for Nl and Nu as: 

 

 

Three-Level Laser with intermediate 
level as the Upper Laser Level 



• In order for radiative population to occur: 

 

 

 

 

 

• Thus one can determine the specific pumping flux required to obtain population inversion 

 

 

 

• Furthermore, it is desirable to have the ratio                  be as small as possible to minimize the 
requirements of the pumping rate.  This is indeed the case for solid state lasers in which small 
collisional population decays are much more prominent than large energy decays. 

• Provided the collisional decay ratio is low, then population inversion occurs under the following 
conditions 

 

 

 

Three-Level Laser with intermediate 
level as the Upper Laser Level 



Three Level Laser with the Upper Laser 
Level at the Highest Level 

• Examples:  gas lasers 

• For this system, we include three levels,  
I, u, and o 

• Populations are Nl, Nu, and No 

• Energies are El>Eu>Eo 

• Pumping flux from o to u and l 

• The steady state rate equations for the 
system are 

 

 

 

 

 

• yielding 

 

 

 

 



Three Level Laser with the Upper Laser 
Level at the Highest Level 

• Recall the gain condition: 

 

 

 

 

• Substitution shows that population inversion is obtained if 

 

 

 

 

• If we consider the common occurrence in atomic systems that 

 

 

• Then  

 

 

 

 

or 



Three Level Laser with the Upper Laser 
Level at the Highest Level 

 

 

 

• It is therefore evident that that population inversion is obtained if the decay rate from l 
is significantly greater than that from u, provided that pumping is not highly favored 
from l to u 

• Also, in atomic systems in which Alo is large, then Auo should be small because the 
levels of u and o have to be of the same parity 

• Thus we can write: 

 

 

 

 

• For inversions to occur,                    and                  must be favorable in some 
combination.  For example if                             then        >       

 

 

 

 



Four Level System 

• Examples:  solid state and dye lasers 

• For this system, we include four levels: 

 i, I, u, and o 

• Populations are Ni,Nl, Nu, and No 

• Energies are Ei>El>Eu>Eo 

• In this condition, one assumes that the 
dominant decay rate is radiative 

 

• Where T1 is the collisional decay constant of 
the radiative decay and is long by comparison  

• The steady state rate equations are: 

 

 

 

 

 

 



Four Level System 

• Again, the total number of states in the laser species is: 

• Requiring: 

 

 

• Thus, one can solve for the values of the upper and lower state in terms of N as: 

 

 

 

 

 

 

• Where we can then write the radiative population ratio as:  (assuming gu=gl for simplicity) 

 

 

 

 

 

 



Transient Population Inversions 

• Let us now consider a three level laser transition 
that is in flux and not steady state 

• In this system the upper and lower level are being 
pumped from a ground state, Eo 

• It is assumed that there is no decay from u  o.  
This approximates a type of gas laser in which the 
dacay from u to o is prevented by a process called 
radiation trapping 

• Furthermore we will make the assumption that in 
this particular case that the lower to ground state 
decay rate is VERY slow, generating little to no 
relaxation back to Eo 

 

• The best way one can imagine this is if one 
pumped from a ground state to a metastable 
lower state and an unstable upper state. 



Transient Population Inversions 

• One can write the transient rate equations for the 
system as: 

 

 

 

 

 

• Yielding,  

 

 

 

 

 

• Under these conditions, as Nu approaches 

 

 

• Then                              which is the steady state condition 
for the first rate equation 

 



Transient Population Inversions 

• The second rate equation 

 

 

 

• Continues to increase with time because 
there is no decay from energy level l 

 

• If one considers the conditions required to 
generate population inversion under the u l 
steady state transition then 



Transient Population Inversions 

Three examples of lasers that are pumped and do not decay to the ground state 



Processes that Inhibit or Destroy 
Inversions 

1. Radiation Trapping of atoms and ions 

2. Electron collisional thermalization of 
laser levels in atoms in ions 

3. Absorption in the gain medium 



Radiation Trapping of atoms and ions 

• The inhibition of radiative decay of the lower 
laser level 

• Trapping becomes relevant the population of 
the ground state is so great that every photon 
emitted by a lo transition is reabsorbed by 
another o state atom 

where due to trapping 



Radiation Trapping of atoms and ions 

• The equation presented for the optical intensity due to trapping is no Beer’s 
absorption law 

• What is most important for lasing is that the absorption not take place before the 
photon escapes the gain medium.   

• Since the shortest path in the medium is the diameter of the gain cylinder, we can 
substitute the diameter b for z yielding : 

 

 

• From this simple relation one can see that the radiation trapping Is due not only to 
cross section but also to the density of No.  

• Furthermore, if No is the ground state of a neutral atom, then it is also dependent 
on the number of atoms present which at STP is (room temperature and 760 Torr) 
is approximately 3.3x1022 atoms per cubic meter 

 

 



Radiation Trapping of atoms and ions 

• Lets examine the rate equations for the l state transitions 

 

 

• We can incorporate a trapping factor for Flo ≤1, which effectively reduces the decay rate Alo 
in the rate equation 

 

 

• For a cylindrical gain medium, the trapping factor is equal to: 

 

 

 

• It is important to note that in the case where                             that Flo becomes negative and 
therefore meaningless.   Physical values for Flo exist only between 0 and 1. 

 

• Using this condition, the gain ratio is determined by: 

 

at Flo = 1 



 

• We can solve for the maximum number of 
electrons in the upper level using   

Collisional Thermalization 

• Assume a plasma source for the laser 

• Assume that population inversion exists between 
u and l for a given electron temperature, Te 

• Collisions of exited atoms in a gaseous state 
colliding with lower state atoms will significantly 
reduce the population density of the upper level 

• This depopulation condition is termed 
thermalization of the Boltzmann distribution 

• One ca estimate the collisional decay rate and 
compare it to the radiative decay rate 

 

• Assume the flux of radiative decay from u l is 

 

 

• Flux due to collisional decay from u  l is 

 

 

• We can solve for the maximum number of 
electrons in the upper level using   



Collisional Thermalization 

• However, one must obtain and expression for the thermal decay rate, kul in order to assess ne
max 

• An empirical formula first developed by Seaton in 1962 provides the basis for our expression 

 

 

 

• Applying the principle of detailed balance for conditions in thermal equilibrium we can express 

 

 

• Yielding: 

 

 

• Which can be rewritten as 

 

 

• Requiring                                                    and   



Collisional Thermalization 
Requirements for Lasers 



Comparing Radiation Trapping and 
Collisional Mixing 

• In neutral atoms, there is no direct relationship between trapping in electron density (electron 
discharge) 

• However, in an ion laser, the lower laser level usually occurs on the ground state of the ion 
resulting in radiation trapping 

• Thus under such conditions, both radiative trapping and thermalization occur in the same 
system 

• In a plasma laser media, such as that present in an Ar ion laser, the number of electrons present 
equals the number of ions 

• Where N+ is the ground state density of the ion species.   

• Radiation trapping begins to occur if:  

 

• Requiring 

 

• One can then compare the number of ration trapped (rt) electrons and collisional mixing 
electrons (cm) assuming that  
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